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Abstract 
Spence, E. and V.D. Tonchev, Extremal self-dual codes from symmetric designs, Discrete 
Mathematics 110 (1992) 265-268. 
A method is given for constructing extremal binary self-dual [42,21, RI-codes from certain 
symmetric 2-(41, 16,6) designs. 
We assume the reader is familiar with the basic facts and ideas from design and 
coding theory (cf., e.g. [3], [5], [6] and [9]). 
In their paper [4], Conway and Sloane introduced a new upper bound for the 
minimum distance of binary self-dual codes and gave a list of the possible weight 
enumerators of extremal self-dual codes. Among those codes listed as unknown 
were singly-even [42,21,8], [48,24, lo], [58,29, lo], and [64,32, 12]-codes with 
the following weight enumerators: 
IV, = 1 + 164~~ + 697~ “’ + 15088~ l2 + 33456~‘~ + . . . , 
W, = 1 + 704yt0 + 8976~‘~ + 56896~‘~ + 267575~ ” + - . . , 
W, = 1 + 55~‘” + 5188~‘~ + 18180~‘~ + 432333~‘~ + . . . , 
W, = (1312 + 16/3)y12 + (22016 - 64p)yi4 + . . . , 
respectively. Brualdi and Pless [2] developed a method for the construction of 
self-dual codes based on the notion of a shadow of a subcode and found a 
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The Brualdi-Pless method was recently for the construc- 
tion of extremal [42,21,8] and lo] codes by Tsai and a [64,32,12] 
code for and Leon [7]. 
It is of this communication to give for 
[42,21,8] that relies the existence 
and that yields the found in [ll]. 
The first symmetric 2-(41,16,6) was found by Bridges, Hall and 
[l], (cf. [5], 17.6). These authors showed incidence matrix of such 
has rank over GF(2) and the span its rows 
code with all and following weight distribution: 
A, = 164 + 13A4 + llA36, 
AI2 = 15088 + 125A4 - 33AX6, 
AI6 = 196718 - 599A4 - A36, 
AZ0 = 512992 + 851A4 + 115A36, 
A24 = 289460 - 425A4 - 175A36, 
AZ8 = 33456 - 17A4 + 109A36, 
A,, = 697 + 51A4 - 27A3+ 
(1) 
Let us now consider the binary code generated by the rows of a matrix of the 
following form 
where A is the incidence matrix of a symmetric 2-(41, 16,6) design and J is the 
all-one matrix. 
Theorem. The matrix (2) generates a binary self -dual [42, 21]-code with minimum 
dzktance at least 4 and weight distribution { Bi}, where Bi = Ai if i ZE 0 (mod 4) and 
Bi = A42_i if i = 2 (mod 4). 
Proof. The code C spanned by the rows of (2) is evidently self-orthogonal. This is 
a special case of the construction (ii) from [lo]. Since the rank of A over GF(2) is 
20 and the all-one vector does not belong to the code generated by the columns of 
A, the rank of J -A is 21, and hence the code C is self-dual. A codeword in C 
which is the sum of an even number of rows of (2) is a codeword in the code of A 
extended by a zero last coordinate. Similarly, a codeword in C which is the sum 
of an odd number of rows of (2) is equal to the sum of the corresponding rows of 
A plus the all-one vector, extended by a non-zero last coordinate. It follows that 
Bi = Aj if i = 0 (mod 4) and Bj = A42_-i if i = 2 (mod 4). 0 
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11111111111111110000000000000000000000000 
11111100000000001111111111000000000000000 
11110011000000001100000000111111110000000 
11101000110000000011000000111000001111100 
11100000001110000000111000100110001100011 
11010000000001110000100110000111001011100 
10100010001001101011000001000001101010011 
10011000100100010010110000010001110001011 
10010010011010000000010111100000110111000 
10001101000011000010010001001110010010110 
10001001000110100100001101010001101100100 
10000111010000011001101000000100100101110 
10000110010100100110001010001010011001001 
10000100110011000101000110110101000000011 
10000001101100011100100011101000000010101 
10000000101001111001011100011010010100000 
01100101000000110000001101110000010011011 
01010100101010000001001001001011100001101 
01010010010001100100110001011000000100111 
01001100001101001100000010010010100111010 
01001010000011011010001010100001010100101 
01001000010110101001100100001100110010001 
01000110100100010101010001000101011110000 
01000011100100100011010110100010100000110 
01000001111001000010101011010100111000000 
01000001011010011110010100001001001001010 
00110001001101000111000100000100010101101 
00110000100010110110001010001100100110010 
00110000010110011001000011010010011000110 
00101110001000010000010110011100101000101 
00101010111000000100101100000011010010110 
00101001110000101000010011000111000101001 
00100100100011101100110000100000111001100 
00100100010101010010100101101011100100000 
00100011000111000001111010011001000011000 
00011101001000100001100010101001011100010 
00011010100101001000001101101100001001010 
00011001010001010101011000100010101010001 
00010111100010001010100100010010001110001 
00010100011100101010011000110101000010100 
00001010001010110111100001110110000001000 
Fig. 1. A symmetric 2-(41, 16, 6) design with A, = A,, = 0. 
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Corollary. The [42, 41]-code generated by a symmetric 2-(41, 16, 6) design with 
A4 = A36 = 0 is an extremal self -dual [42, 21, 8]-code with weight distribution W,. 
The symmetric 2-(41,16,6) design found in [l] and [5] has an automorphism 
group of order 30 and has a code with A4 = 0, A36 = 1. In fact that the authors 
prove that any symmetric 2-(41,16,6) design having an automorphism of order 5 
has a code with AZ6 = 1 (mod 5). In Fig. 1 there is given the incidence matrix of a 
symmetric 2-(41,16,6) design whose code has A4 = A,, = 0. This design has an 
automorphism group of order 3 and the corresponding [42,21,8]-code has an 
automorphism group of order 6. This code is thus different from the one 
constructed by Tsai, which has an automorphism group of order 96. The first 
author [8] is in the process of determining all symmetric 2-(41, 16,6) designs with 
a nontrivial automorphism of odd order and among the ones he has found he has 
identified over 40 designs yielding extremal [42,21,8]-codes by the construction 
of the theorem. Of course, it is possible for non isomorphic designs to yield 
isomorphic codes, but nevertheless it is most likely that there are many more such 
codes since the number of non-isomorphic 2-(41,16,6) designs to far found 
exceeds 100,000. 
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